Exam Calculus 2

university of
/ groningen

The exam consists of 4 problems. You have 120 minutes to answer the questions. You
can achieve 100 points which includes a bonus of 10 points. Calculators, books and
notes are not permitted.

11 April 2023, 18:15-20:15

1. [6+6+8=20 Points] Consider the function f: R*> — R defined as

Floy) = [ TR i (5,y) £ (0,0)
Y= c if (z,y) = (0,0)

where ¢ € R.

(a) Determine ¢ such that f becomes continuous at (z,y) = (0,0).

(b) For the value of ¢ found in part (a) and w = (v,w) € R? a unit vector, determine the
directional derivative D, f(0,0).

(c) Use the definition of differentiability to show that for the value of ¢ found in part (a),
the function f is differentiable at (z,y) = (0,0) and determine the derivative of f at

(z,y) = (0,0).
2. [6+7+8=20 Points] Let S C R? be the ellipse defined by the equation

S = {(x,y) € R?|32” + 22y + 3y* = 16}.

(a) For each point (z¢,yo) € S, determine the tangent line of S at (x¢, yo).

(b) Use the Implicit Function Theorem to determine the points (z, o) in S where S can be
considered to be locally the graph of a function f of x. At such points, compute the
derivative of f and show that the tangent line found in (a) coincides with the graph of the
linearization of f.

(c¢) Use the method of Lagrange multipliers to determine the points on the ellipse S that are
closest to and furthest away from the origin, respectively.

3. [8412+5=25 Points] For constants a,b € R, define the vector field F : R* — R? as
F(x,y,2) = axsin(my) i+ (2% cos(my) + bye *)j + y’e *k
for (z,y,z) € R3.

(a) Show that F to be conservative requires a = 2/7 and b = —2.

(b) Determine a scalar potential for F for the values of a and b given in part (a).



(c) For the values of a and b given in part (a), compute the line integral [, F -dr where C is
the curve parametrized by

r(t) = costi+sin®tj + sin(2t) k
with t € [0, 7/2].

4. [25 Points] Let S C R? be the quarter of the unit disk contained in the first quadrant of the
(y, z)-plane, i.e. S = {(z,y,2) € R®*|z=0,y*+ 22> <1andy,z > 0}. Let S be oriented by
the unit vector i. Let F : R?* — RR? be the vector field defined as F(x,y,z) = yi+ zj+ zk for
(z,y,2) € R3. Verify Stokes’ Theorem for the given surface S and vector field F by computing
both sides of the equality [[((V xF)-dS = ¢ F -ds.



Solutions

1. (a) In order to determine the limit of f at (x,y) = (0,0) we use polar coordinates (z,y) =
(rcos@,rsinf) for (z,y) # (0,0). Then

) r3cos® @ + r3 cos @sin? 0 + 212 cos? 0 + 2r? sin’ 0
x? - .
Y r2cos? 6 + r2sin® 6
= r(cos’ 0 + cosfsin® 0) + 2.

Considering the limit » — 0 yields that f becomes continuous at (z,y) = (0,0).
(b) Let u = (v,w) € R? with v? + w? = 1. Then

, hv, hw) — f(0,0
D.f(0,0) = lim I ;L 0.0
1 (B30 + h3ow? + 2h%0? + 2h2w?
= lim — -2
h=0 h h?(v? 4+ w?)
_ 3 3 3 2 2
= ilzlinh3(hv + h3vw? 4+ 2h% — 2h)

= limv® 4+ vw
h—0

2

= v3+vw2
= v(v? +w?)

—_= ’U7

where in the third and last equality we used v? + w? = 1.
(c) According to part (b) we have f,(0,0) =1 (choose u = (v,w) = (1,0)) and f,(0,0) =0
(choose w = (v, w) = (0,1)). So the linearization of f at (z,y) = (0,0) is given by

L(z,y) = f(0,0) + f2(0,0)(z — 0) + f,(0,0)(y — 0) =2+ .
For the differentiability of f at (0,0) we have that the limit of

is 0 for (x,y) — (0,0). For (x,y) # (0,0), we have
flz,y) — L(z,y) _ 1 o’ +ay? + 20 + 27 @+ 1)
Iz, y) = (0,0)] (I2+y )2 2% +y?
- (:U2+y (22 + y2)3/2 (2% + 2y® + 227 + 2 — 2(2” + ¢*) — 2(2” + 7))
1

0)

R

which converges to 0 as (z,y) — (0,0). The function f is hence differentiable at (x,y) =
(0,0).
The derivative is

vf<0a0) = (fz(070)>fy(070)) = (170)'



2.

(a)

S is the level set of the function F': R? — R, (z,y) — F(x,y) = 32 + 2xy + 3y? for the
value 16. For (zo,y0) € S, VF(xo,yo) is perpendicular to S at (xg, ). This gives the
tangent line of S at (x¢,yo)

Fo(z0,y0)(x — x0) + Fy(%0,90)(y — v0) = 0.

Using VF (9, y0) = (620 + 290, 6y + 2¢) we get the tangent line

(620 + 2y0)(x — o) + (6yo + 220)(y — o) =0
& (620 4 2y0)x + (6yo + 220)y = 6(22 + y2) + 4zoyo.

For (xg,y0) € S to be a point where S is locally the graph of a function z — f(x), (z¢, yo)
needs to satisfy

Fy(%, yO) 7é 0
with F' defined as in part (a). Hence at (xg,y0) € S with 2z + 6yy # 0, S is locally a
graph over the x-axis.
Let (xg,y0) € S be such a point. Then

Fy(wo,y0) 60 + 240

!
To) = — = .
f (o) Fy(%’ Yo) 6y + 2x¢

The linearization of f at x( is

6I0+2y0
L(z) = f(xo) + f(xo)(x — 20) = yg — ————— (2 — x¢).
(z) = f(xo) + f'(z0)( 0) = Yo 60 + 210 0)
The graph of L is given by the equation
69 + 2y
Lx)=yey—y=———"—(r—=x
() =y Y—"% 6y + 27 0)

which after after multiplication by 6y + 2z( gives the equation for the tangent line found
in part (a).

We need to find the extrema of (z,y) — g(z,y) = 2%+ under the constraint F(z,y) = 16
with F' defined as in part (a). By the Theorem on Lagrange Multipliers there exists a A € R
such that VF(z,y) = A\Vg(z,y) at each such extremum . This gives the set of equations

Fo(w,y) = Aga(2,y) 6z +2y = 2\
Fy(x,y) = Agy(z,y) < 6y +2z = 2\y .
F(z,y) = 16 3z 4+ 2xy +3y* = 16

We can exclude x = 0 as this would also give y = 0 by the first equation which together do
however not satisfy the third equation. Similarly we can exclude y = 0. For (z,y) # (0,0),
we get from the first two equations

_ 6x+2y 6y+2x

A
2x 2y
Hence y . y oz
3+==3+-—6=-=—x==1y.
z Y Yy



The third equation then yields

32% £ 22° + 32> = 16
& 82° =16 for x = y or 42% = 16 for x = —y
& r=+V2forz=yorz==+2forz=—y.

As g(+£v2,£v/2) = 4 and g(£2, F2) = 8 and ¢ needs to attain its extrema on the compact
set S by the WeierstraExtreme Value Theorem, the points (z,y) € S closest to the origin
are (z,7) = £v/2, £1/2) and the points furthest away from the origin are (z,7) = (2, F2).

The curl of F'is

i F K
V xF(x,y,z) = % 8@ 6%

v
)+ bye ™ yre®
= (2ye "4+ bye *)i+ (0—0)j+ (2x cos(my) — axm cos(my)) k

arsin(my) a2 cos(m

<

This to vanish for all (z,y,2) € R3 requires a = % and b = —2. As R3 is simply connected,

F' is conservative for a = % and b = —2.

Let f:R® — R, (z,9,2) — f(z,y, z) be a potential function. Then
% 2

5~ 0 sin(my) (1)
% = 27 cos(my) — 2ye * (2)
0

0_]; = gy (3)

Integrating (1) with respect to z gives

Flas,2) = —asin(my) + gly.2)

where ¢(y, z) is an integration constant that can depend on y and z. Inserting this in (2)
gives

0
2% cos(my) + 8_9 = 2% cos(my) — 2ye~
Y

z

which gives

Integrating the latter equation with respect to y gives

9y, 2) = =y’ + h(z),
where h(z) is an integration constant that can depend on z. So we have

1
flz,y,2) = —2? sin(my) — yle ™ + h(z).
T



Inserting this in (3) gives
y2efz 4 h/(Z) — y2efz
which yields h(z) = ¢ for some constant ¢ € R. So we get the potential function

1
f(z,y,2) = —2*sin(my) — y’e " +c.
m
(¢c) We have r(0) =i and r (§) = j. By the Fundamental Theorem of Line Integrals

/F-dr:f(j)—f(i):—1+c—c:—1.
C

4. We start by computing the left hand side of the equality. The curl of F' is

i j k
V xF(x,y,2z) = a% a% %
y oz x

— li—-1j-1k

Parametrize the quarter disk S by
¢(r,0) = (0,rcosf,rsinb)

with (r,6) € [0,1] x [0, 5]. From

%(r, 0) = (0, cosb,sin0)
and 9
(9(§< ) = (0, —rsinf, rcosf)
we get the normal vector
g¢ gz (rcos® 4+ rsin?6)i=ri.
-

The normal vector is consistent with the given orientation on S. Hence

/S(V xF)-dS = / / (VxF) (?}f gz) dédr
= / / —1) - (r,0,0) dodr
= —/0 /0 rdédr

™
1 .



We now compute the right hand side of the equality. The boundary of S consists of the three
smooth pieces C; (the line segment between (0,0,0) and (0,0, 1)) Cy (the line segment between
(0,0,0) and (0,1,0)) and Cj (the arc in the (y, z)-plane from (0,1,0) to (0,0, 1)). These have
parametrizations consistent with the orientation of S given by

ri(t) = (0,0,(1=1)), ¢t <[0,1],
rp(t) = (0,4,0), 1 €0,1],
r3(t) = (0,cost,sint), t € [0,7/2],

55F-ds:/F-dr1+/F-dr2+/F-dr3.
8 Ch Co Cs

As ri(t) = (0,0, —1) is perpendicular to F(r1) = (1 — ¢) k and r(t) = (0, 1,0) is perpendicular
to F(ry(t)) = tj, the first two integrals vanish. The third integral gives

respectively. Hence

/C3F -dry = /;/2 F(rs(t)) - ri(t)dt

/2
= / (cost,sint,0) - (0, —sint, cost)dt
0

/2
= —/ sin? ¢ dt
0

(sintcost —t)

t=m/2

N | —

t=0

T
4

which agrees with the result above.



